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ON THE TRANSPOSITION ANTI-INVOLUTION IN 

REAL CLIFFORD ALGEBRAS II: 

STABILIZER GROUPS OF PRIMITIVE IDEMPOTENTS 

RAFAL ABLAMOWICZ AND BERTFRIED FAUSER 

O 

^N ■ Abstract. In the first article of this work [T we showed that real Clifford algebras 

^-^, Ci{V, Q) posses a unique transposition anti-involution T^'. There it was shown that the 

2 ' map reduces to reversion (resp. conjugation) for any Euclidean (resp. anti-Euclidean) 

signature. When applied to a general element of the algebra, it results in transposition 

of the associated matrix of that element in the left regular representation of the algebra. 

In this paper we show that, depending on the value of {p — q) mod 8, where e = (p, q) is 

the signature of Q, the anti-involution gives rise to transposition, Hermitian complex, and 

Hermitian quaternionic conjugation of representation matrices in spinor representations. 

We realize spinors in minimal left ideals S — C£p^qf generated by a primitive idempotent /. 

The map T^" allows us to define a dual spinor space S* , and a new spinor norm on S, which 

1 -p^ ' is different, in general, from two spinor norms known to exist. We study a transitive action 

Cd , of generalized Salingaros' multiplicative vee groups Gp^q on complete sets of mutually 

annihilating primitive idempotents. Using the normal stabilizer subgroup Gp_q{f) we 

construct left transversals, spinor bases, and maps between spinor spaces for different 

orthogonal idempotents fi summing up to 1. We classify the stabilizer groups according 

►^ , to the signature in simple and semisimple cases. 

00 

. •■ 1. Introduction 

o, 

O . This paper is a continuation of [1]. Hence, in particular, all notation is the same. Recall 

that in a universal real Clifford algebra Cin — Ci{V, Q) of a non-degenerate quadratic real 

vector space of dimension n, we have introduced a certain transposition anti-involution Tf 

^ ■ of the algebra as a unique extension of a suitable orthogonal map t^ '■ V ^ V'' . Using the 

^ ! identification V^ = V*, the orthogonal map t^ can be viewed as a symmetric non-degenerate 

correlation on V. For the study of correlations and involutions we refer to [TU] . 

Following [I], let Cin and C£* denote, respectively, the universal Chfford algebra over 
V and the universal dual Clifford algebra^ over V* where diniRl^ = dimigl^* = n. Let B 
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As it is explained in [1], this is not the linear dual Clifford algebra, which is not employed in this paper, 
but the Clifford algebra over the space V^ = V* for the same quadratic form Q. 
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2 RAFAL ABLAMOWICZ AND BERTFRIED FAUSER 

and B* be, respectively, bases in Cin and C^* sorted in the monomial order InvLex and 
let Lu : Cin -^ Cin, u G Cin, be the left multiplication operator. In [1, Prop. 2(v-vi)] 
it was shown that if [L„] (resp. [Lt^-(^u)]) is the matrix of the operator Lu (resp. Lj'^-(u)) 
relative to the basis B, then these matrices are related via the matrix transposition. As a 
consequence, the anti-involution Tf applied to u results in the transposition of the matrix 
[Lu] in the left-regular representation L„ : Cin — ^ Cin- 

In Examples 4 and 5 in [1] it was also shown that the matrix transposition induced by 
the anti-involution Tf resulted also in matrix transposition in real spinor representations 
of simple Clifford algebras Cin — Mat (M,iV), that is, in signatures {p,q) such {p — q) ^ 
1 mod 4 and {p — q) = 0,1,2 mod 8. The aim of this paper is a detailed study of Tf for 
spinor representations in all signatures. 

In Section [2] we study spinor representation of central simple Clifford algebras Cip^q 
in a minimal left ideal S = Cipqf generated by a primitive idempotent / and consider 
generalized Salingaros' multiplicative vee groups Cp^q of order 2^"'"^"*"'^. It is well-known 
that Cp^q acts via conjugation on Cip^q. We find a stabilizer group Cp^q{f) of / and show 
that: 

(i) Cp^q{f) is normal in Cp^q and of order 2^+p+^'j-p. 
(ii) The set J-" of all N = 2^ primitive mutually annihilating idempotents /j, determined 

by /, constitutes one orbit of / under the (transitive) action of Gp,g. 
(iii) Monomials rrti in a (non-canonical) left transversal of Cp^q{f) together with / de- 
termine a spinor basis in the left ideal Cip^qf. 
(iv) The division rings K = fCip^qf are Gp^g-invariant. 

(v) Gp^q permutes the spinor basis elements modulo the commutator subgroup C'pq by 
acting on them via the left multiplication. 

We classify all stabilizer groups and analyze their structure in dimension up to nine. We 
recognize that the anti-involution Tf is similar to a map known in the theory of group 
rings as * : k[G] — >■ k[G] sending J^xgg'^^^ ^ '^cbxX~^ [Qjo This map allows one to 
define a spinor norm on Cip^qf which is different, in general, from I3± norms on spinor 
spaces known to exist [8]. This spinor norm is invariant under a group Gpq defined in 
this section. Finally, we show that the real anti-involution Tf of Cip^q is responsible for 
transposition, Hermitian complex, and Hermitian quaternionic conjugation of a matrix [u] 
in spinor representation, where u G Cip^q, depending on the value of (p — q) mod 8. 

In Section [31 we extend results from simple to semisimple Clifford algebras and realize 
their faithful spinor representation in S* © S*. We show that: 

(i) Gp^q{f) = Gp^q{f) for any primitive idempotent /. 
(ii) Gp^q{f) is normal in Gp^q and its order is 2^+p+''9-p. 

(iii) Since the center of a semisimple Clifford algebra is non-trivial and includes a unit 
pseudoscalar ei...„ which squares to 1, there are two orthogonal central idempotents 
|(1 ± ei...^) adding to 1. Then, the set J-" of 2*^ mutually annihilating primitive 
idempotents adding to the unity partitions into two sets J^i and J-2, each with 



It may interest the curious reader that this map is in fact the antipode on the Hopf algebra over the 
group algebra k[G]. 
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A^ = 2^^"^ elements. As expected, the idempotents in each set add up to one of the 
two central idempotents. 
(iv) Like in the simple case, k = q — r^^p. We show that the set J^i coincides with the 
orbit 0{f) while the set J-2 coincides with the orbit 0{f), each under the conjugate 
action of the vee group Gp^g. 
(v) No element of Gp^g relates the two orbits. 
(vi) The transversal of Gp,g(/) in Gp^g generates, like in the simple case, a spinor basis 

in S, hence in 5* too, and it permutes the spinor basis elements. 
(vii) Finally, the transversal elements act transitively via conjugation on each orbit. 

The remaining results from the simple case apply to the semisimple case. In particular, the 
real map Tf is responsible for transposition or the Hermitian quaternionic conjugation of a 
matrix [u] for any u G C£p^g. This time, we need to work with double spinor representation 
in S* © 5* over the double ring K © K, depending on the value of {p — q) mod 8. 

In Section HJ we summarize our results. In Appendix |X] we collect information about 
the stabilizer groups Gp^g{f) for simple Clifford algebras in Tables 1, 2, and 3, and for 
semisimple algebras in Tables 4 and 5. 

2. Action on spinor spaces in simple Clifford algebras 

In this section we will show that the anti-involution Tf corresponds to Hermitian con- 
jugation of matrices in spinor representation of Gip^g. In particular, it acts as Hermitian 
conjugation on the spinor space S = Gip^gf where / is a primitive idempotent. For the 
theory of spinor representations of Clifford algebras, we refer to |5l|71[H] while in [3] one 
can find many computational examples. We also investigate the conjugate action of the 
Salingaros vee group Gp^g on primitive idempotents in a simple algebra Gip^g and we classify 
their stabilizer groups. For the necessary terminology and results of the theory of groups, 
we refer to [TT]. 

We begin with summarizing background information on Clifford algebras. We denote 
the reals as M, complex numbers as C and quaternions as H. 

Theorem 1. Let Gip^g be the universal Clifford algebra as defined above. 

(a) When p — q ^ 1 mod 4 then Gip^g is a simple algebra of dimension 2", n = p + q, 
isomorphic with a full matrix algebra Mat(2^,K) over a division ring K where 
k = q — Tg^p and Tj is the Radon-Hurwitz numberU Here K is one o/M, C or H. 

(b) When p — q = 1 mod 4 then Gip^g is a semisimple algebra of dimension 2", n = p + q 
isomorphic to Mat(2'^^-'^,K) © Mat(2'^~-'^,K), k = q — Vg^p, where K is isomorphic 
to M. or M depending whether p — q = 1 mod 8 or p — q = 5 mod 8. Each of the 
two simple direct components of Gip^g is projected out by one of the two central 
idempotents ^(1 ± ei2...n)- 



The Radon-Hurwitz number is defined by recursion as r^^g ~ i^i + 4: and these initial values: rg = 
0, ri = 1, r2 = ra = 2, n = r^ ^ r^ ^ rj ^ 3. See [51[S]. 
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(c) Any polynomial f in Cip^g expressible as a product 

/ = ^(l±e.J^(l±e,J---i(l±e,J (1) 

where ej., i = l,...,k, are commuting basis monomials in B with square 1 and 
k = q — Tq^p generating a group of order 2^ , is a primitive idempotent in Cip^q. 
Furthermore, Cip^q has a complete set of 2^ such primitive mutually annihilating 
idempotents which add up to the unit 1 of Cip^qU 

(d) When {p — q) mod 8 is 0, 1, 2, or 3, 7, or 4, 5, 6, then the division ring K = fCip^qf 
is isomorphic to M. or C or M, and the map S x K ^ S, {ip, A) i— )■ ipX defines a 
right K-linear structure on the minimal left ideal S = Cip^qf. 

(e) When Cip^q is simple, then the map 

C^p,q — ^ EndK(5'), u H- 7(m), '^{u)^) = uip (2) 

gives an irreducible and faithful representation of Cip^q in S. 

(f) When Cip^q is semisimple, then the map 

Cip^q -^ EndjjgK(S ®S), u^ -f{u), 7(m)^ = uip (3) 

gives a faithful but reducible representation ofCip^q in the double spinor space S(BS 
where S = {uf\u G C£p^q}, S = {uf\u G Cip^q} and " stands for the grade- 
involution in Cip^q. In this case, the ideal S (B S is a right K © K-linear structure, 
K = {A I A G K}, and K © K «s isomorphic to M © M when p — q = 1 mod 8 or to 
EI © HI when p — q = 5 mod 8u 

We begin by first observing the following basic properties of Tf. 

Lemma 1. Let ej be any basis monomial in B where B is a basis of Cip^q consisting of 
Grassmann basis monomials. Then, 

(i) Tr(e,) = e_r\ 

(ii) //e| = 1 (resp. e| = -Ij then T~{ei) = e,_ (resp. T^ (eJ = -eJ. 
(iii) Let ej^, ej^, . . . , e^^ be a set of mutually commuting basis monomials in B that square 

to 1 where k = q — rq_p. Then, the primitive idempotent (QP is invariant under Tf, 

that is, Tiif) = f. 
(iv) In Euclidean {p, 0) and anti- Euclidean (0, q) signatures, let \ be a 1-vector belonging 

to (y,Q) in Cipfi or Cio^g, respectively. That is, let v = XIT"^*^* where Vi &M. and 

n = dimigV. Then, 



Two idempotents /i and /2 are mutually annihilating when /1/2 = /2/1 = 0. Such idempotents are 
also called orthogonal. A decomposition of the unity 1 into a sum of mutually annihilating primitive 
idempotents is called for short a primitive idempotent decomposition. 

^See [ini Chapt. 9] for a discussion of quaternionic linear spaces, and [TUl Chapt. 12] for double fields 
and their anti-involutions. 
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(b) If-^T,~{-^) 7^0, then^^-^ 
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vT,~(v) 



Let / be a primitive idempotent of the form ([T]) and let S = C£p^qf be a minimal left 
ideal. We make the following observations: 

1. Let A G IK = fCip^qf. Then, it is easy to see that Xf = fX since p = f. However, it 
should be observed that in general, {uf)X ^ X{uf) where uf & S and u e Clp^q. 

2. The division ring K = fCip^gf is a real subalgebra of Clp^q of dimension 1, 2, or 4 
depending on the value of (p — q) mod 8. In particular, 

{spanul/} z/p-g = 0,l,2mod8; 

span]g{/, ei/} if p - q = 3,7 mod 8; (4) 

spanjjj/, ej, e^f, Bkf} if p-q = 4,5,6 mod 8; 

where e^, e^-, e^ are basis monomials in B that satisfy the required relations: 

e^ = e^ = el = —1 and ej^e^ = — e^ej = e^ (cychcally). (5) 

Furthermore, due to the first observation, the basis elements {l,ej, 6^,6^} which span IK 
over M modulo /, commute with /. 

3. Thus, Tf acts on K = fCip^qf as an anti-involution. In the following, Aj G M, fej are 
the basis elements in {1, e^, e^-, e^}, and, to simplify notation, we set A = Tf{X) whenever 

A G K. 

Ti-.K^K, X = fuf = J2 ^^b^ ^X = fTi{u)f = ^ XA (6) 

which reduces to the identity map, or complex conjugation, or quaternionic conjugation in 
IK depending on the value of (p — q) mod 8. Note that 

{1, ei_, e^, efc} i — > {1, -e^, -e^, -e^} (7) 

due to part (ii) from Lemma [H The rest of our claim follows then easily from the R- 
linearity of Tg" and the fact that it is an anti-involution. Thus, we get A/i = JlX for any 
A,/i G K. 

4. Part (d) of Theorem [1] implies that in the monomial basis S of a simple Clifford 
algebra Ci.p^q one can always find a (non- unique) set A^ of A^ = 2^^ monomials {mi^f^-^ 
for the chosen primitive idempotent / such that the polynomials {w^i/}i^i are linearly 
independent over K and give a basis m. S = Cip^qf as a right K-vector spacejj Thus, 

N 

S = Cip^gf = span^{mif, 7112/, ..., niNf} and ^ = ^ rriifXi, (8) 



i=l 



where Aj G K, for any spinor ip & S. 



In a semisimple Clifford algebra, we have N — 2 ^. Semisimple algebras are considered in Section [31 
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The monomials Ai = {mi}fLi from ([8]) have, as we will see shortly, a very interesting 
property: Let / be a chosen primitive idempotent in Cip^g. For example, we will set / to 
equal the polynomial ([T]) where all signs are plus. Then, 

J^ = {mifm^\m2fm~^,...,mNfm]^^} (9) 

provides a complete set of A^ = 2^^ mutually annihilating primitive idempotents that add 
up to the unity 1 of Cip^gU 

Let fi = rriifm^^ and Kj = fiCip^gfi, z = 1, . . . , A^o For completeness, we recall how 
the monomials A4 act on the division rings K,. Let rrij E A4. Then, 

Ki = fiCip^qfi -4 mjKimj'^ = mj{fiClp^gfi)mJ^ 

= fjC^J, = % (10) 

because the conjugate action on Cip^g is an algebra automorphism. Thus, the division rings 
Kj are all isomorphic. In addition, it can be verified that all rings K^ as real subalgebras of 
Cip^g have the same spanning set: {!}, {l,ej}, or {l,e£, 6^,6^} depending on the value of 
{p — q) mod 8 as shown in (jlj). Furthermore, the conjugate action of each such monomial 
on IK modulo / amounts to an algebra automorphism. This automorphism is the identity 
map when IK = M; it is either the identity map or "complex" conjugation when IK = C; 
and it is either the identity map or "complex" conjugation of two out of three subalgebras: 
span]g{l,e£}, spauj^jl, ej}, and spauj^jl, e^}, each isomorphic to C, when K = EI. Hence, 
it is not the quaternionic conjugation of IK realized by TfT as shown in ([7]). 

Let Gp^q be a finite group in any Clifford algebra Cdp^g (simple or semisimple) with a 
binary operation being just the Clifford product and defined as 

Gp^g = {±ei_ I ej e i3} with {±e^){±ej) = cmul(±e£, ie^). (11) 

This group of order 2-2^"'"^ = 2^~^^ is known as Salingaros vee group and has been discussed, 
for example, in [T214T5] . but similar such groups where also studied by Helmstetter |:6j. In 
particular, Gp^g is a discrete subgroup of Pin(p, g)o We recall properties of this group next. 
1. In a simple Clifford algebra, the group Gp^g acts transitively via conjugation on any 
set J-" of primitive and orthogonal idempotents. That is, let / be any primitive idempotent 
and g G Gp^g. Then, 

gfg'^ = 9fTe~{g) 

is another primitive idempotent. If gfg~^ 7^ / then gfg~^ annihilates /. The number of 
such idempotents in any complete set J-" is obviously N = 2^ = dim ^S where k = q — Vg^p 
as before. Let Gp^g{f) denote the stabilizer of / under the conjugate action of Gp^g and let 
0{f) be the orbit of /, then 

N = [Gp,g : GpM)] = \0{f)\ = |G,,,|/|G,,,(/)| = 2 • 2^+y\GpM)\ = 2' 



We will see shortly that the monomial set A^ is a (left) transversal for Gp^q{f) in Gp^q. 
From now on, we always sort the monomial set M. by InvLex order so that mi ~ 1 and /i = /. 
^See [H Sect. 17.2] for the definition of Pin{p,q). 
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where [Gp^q : G'p,g(/)] is the index of the stabihzer Gp^g{f) in Gp ^ and the bars | ■ | indicate 
the number of elements. This way, we can easily find the order of the stabilizer 

This property, thus, for all practical purposes, allows us to find a complete set of all 
mutually annihilating primitive idempotents in Cip^g 

^={/i,/2,...,/^} (12) 

summing up to 1 by setting, say, / = /i and then letting Gp^g act on / via the conjugation. 
Then, J-" = 0{f) since the action of Gp^g is transitive. We summarize properties of the 
stabilizer in the following proposition and also in Tables 1, 2, and 3 in Appendix lAl 

Proposition 1. Let Cip^g be a simple Clifford algebra, p — q^l mod 4 andp + q < 9. Let 
f be any primitive idempotent in the set J-" and let Gp^g{f) be its stabilizer in Gp^g under 
the conjugate action. Then, 

(i) Gp^q{f) < Gp^g, that is, Gp^g{f) is a normal subgroup of Gp^q and \Gp^q{f)\ = 

2l+P+rq-p 

(ii) Gp^g{f) is a 2-primary Abelian group when p—q = 0,1,2 mod 8 (real simple case) or 
p — q = 3,7 mod 8 (complex simple case), whereas Gp^g{f) is a non Abelian 2-group 
when p — q = 4,5,6 mod 8 (quaternionic simple case). 

(iii) Let k = q — rg_p. Then, Gp^g{f) is generated multiplicatively by s non-unique ele- 
ments 

Gp,g{f) = {9u92,---,9s) (13) 

where s = k-\-l when p — q = 0,1,2 mod 8 or p — q = 3,7 mod 8, whereas s = k-\-2 
when p — q = 4,5,6 mod 8. 

(iv) The orders of the generators gi,g2, ■ ■ ■ ,gs are 2 or 4, and the structure of the sta- 
bilizer group Gp^g{f) is shown in Tables 1, 2, and 3 in Appendix HI 

(v) Let rrij be any element in Gp^g{f) and let f have the form (Qp. Then, the stability 
of the idempotent rrijfmj^ = f implies 

m^e.j mj^ = e,- , -m-e,- mj^ = e,- , . . . , m,e,- m~^ = e,- . 

That is, the set of commuting monomials T = {ej^, . . . , ej^} in f is point-wise 
stabilized by Gp^g{f). 

All statements in the above proposition have been derived with CLIFFORD for dim V < 9. 
Property (v) came as rather unexpected: Instead of permuting the commuting monomi- 
als T in the idempotent / shown in ([T]), this set is stabilized point-wise by Gp^q{f). Thus, 
all primitive idempotents in J-" have the same stabilizer group. We also comment that 
the direct product decomposition of Gp^g{f) in the quaternionic case includes normal sub- 
groups F3 and F2 of orders 16 and 8, respectively. These groups contain the commutator 
subgroup G'pg = {1, —1} of Gp^^o Furthermore, Gp^q{f) is solvable in all three cases since 



The commutator subgroup G' of a group G is G' — [G, G] — {[x, y]\x,y G G). That is, it is a subgroup 
of G generated by aU commutators [x,y] — xyx^^y^^ for x,y G G. In general, G' <\ G and G/G' is 
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it is a finite 2-group. As such, it does have a normal series with Abehan factor groups. 
Thus, the derived series of Gp^q{f) will terminate with (Gp^g(/))''"'^ = {1} for some n where 
(G'p,,(/))(") = ((Gp,g(/))("-'))' is the commutator subgroup of (Gp,,(/))(-i) [U]. 

2. There is a bijection 9 (basic from the group theory) from the coset space Gp^g/Gp^g{f) 
to the orbit 0{f) which is given as 

: GpJGpM) -^ 0{f) 

miGp^g{f) ^ fi = rriifm'^ = mifTi{mi) (14) 

where the set of coset representatives {mi\f^i is in fact the same as the set M. of mono- 
mials ([H]). That is, these coset representativeo allow one to find a spinor basis Sj in 
Sj = Cip^qfj over K = fGCp^qf by simply taking this set 

Sj = {rriifj, . . . , niNfj}, I < j < N, (15) 

as such basiso Of course, among these generators we have the identity 1, so that Ifj = fj 
for every j is the primitive idempotent whereas all other basis elements in Sj are nilpotent 
of index 2. 

Let nij E M. and fj = mjfmj^ where as before / is a primitive idempotent defined as 
in (^ with all plus signs. Then, obviously, 

(i) f^ = {mjfmj^){mjfm-^) = mjfmj^ = fj. 
(ii) fj is primitive as it has k factors - as many as / does. Observe that 

fj = rrijfmj^ = -(1 + nijei^mj^) ■ ■ ■ ^{^ + ^j^^i^^J^) (16) 

and, for all 1 < s, t < A; and 1 < j < A^ we have: 

(1) {mjej^m'^Y = 1 since ef = 1, 

(2) {mjei^mj^){mjeimj^) = {mjeinij^){nijeimj^) as ej^ej^ = e^^ei^, 

(3) rrijei^mj^ ^ rrijei^mj^ when e^^ 7^ e^^ since conjugation is a bijection. In fact, 
rrijei^m'^ = Sj^ for any 1 < s < k due to (v) in Proposition [T] 

(iii) Let m^ ^ 1. Then, {mif){mif) = ai{mifm~'^)f = aiftf = where «» = mj since 
fi^f and fi and / are mutually annihilating. Thus, mif is nilpotent. Similarly, 
one shows that niifj is nilpotent as long as ?7ij 7^ 1. 

3. In addition to acting on the idempotent set J-" via the conjugation ^\M . the group 
Gp^q has a representation on the coset space Gp^q/Gp^q{f) since Gp^q{f) has a finite index 
N = 2^~''9-p. Thus, according to the Representation on Cosets Theorem (see |11^ Theorem 
2.88]), there exists a homomorphism ip : Gp^q — )■ Sjy with kery^ < Gp^g{f). Here, by Sjy 
we denote the symmetric group on an A^-element set. This action is important for our 



Abelian [11] Prop. 5.57]. We have G' = {1,-1} since any two monomials in Gp^q either commute or 



anti-commute 
11 



The coset representatives are precomputed for all Clifford algebras Cip^q, n — p+q < 9, in CLIFFORD [3]. 
They are also shown in ^ . 

Later, when we will be computing matrices of Clifford elements in spinor representation, we will 
always take the ordered basis Si — [mi/i, . . . , rriNfi]. 
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considerations since it amounts to permuting basis elements in each spinor space Sj. Thus, 
we look at it in greater detail. 

For each monomial rrij E Gp^q\^ define a left translation 



Tnij '■ Gp^q/Gp^q{f) — )• Gp^q/Gp^q{f) 



(17) 



by Tm^{miGp^q{f)) = {mjmi)Gp^q{f)). Obviously, r^^ is a bijection and r^^. G ^G^^./Gp,,!/), 
the symmetric group on the finite coset space. It is routine now to define 

if : Gp^q -^ Sg^,jg^M) 

via ipirrij) = r^ and show that (p is a homomorphism and kenp < Gp^q{f). Finally, 
5gp,,/Gp,,(/) = Sn since \GpJGp,q{f)\ = N. 

Above we have discovered that the stabilizer group Gp^q{f) is normal in Gp^g. Thus, 
the action of Gp^q on the cosets via the left translation flT7|) really amounts to the coset 
multiplication since 

mj{miGp^q{f)) = {mjGp,q{f)){miGp^q{f)) 

in the quotient group Gp^q/Gp^q{f). 

We have already established that there is a bijection vr between the cosets in Gp^q/Gp^q{f) 
and the spinor basis S in the spinor ideal S = Cip^qf: 

miGp^qif) ^ rriif, (18) 

where nii E Ai give the spinor (ordered) basis S = [niif, m2f, . . . , rriNf]- We will prove in 
Lemma [2] that vr is well-defined. 

The left multiplication r^ for each rrij in Ai induces a bijection (permutation) Km- 
modulo the commutator group G'p^ = {1,-1} on the basis S which also acts as left 
translation on these basis elements. We have the following commutative diagram: 



Gp,q/Gp^g{f) 



Gp,q/Gp^q{f) 



(19) 



where Kmj '■ rriif H- mjniif = c^^^nikf for some real coefficients c^ j. In fact, since k^^ is a 
bijection, for each pair (j, i) there is exactly one value of the index k such that c^ j = 1 or 
—1, and it is zero for all other values of the index k. 

Lemma 2. Consider the spinor representation of Gip^q in the spinor ideal Si with the 
ordered basis Si = [rriifi, . . . , rriTv/i] with ai = m^. Let f E T be any primitive idempotent. 

(a) The mapping n : Gp^q/Gp^q{f) -^ S where niiGp^q^f) H- rrij/ is well-defined. 
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(b) Let rriifk G Sk where S^ is a basis in the spinor ideal Sk = Cip^qfk and let rriifi be 
any basis element in our chosen basis Si in Si = Cip^qfi. Then, for any mi, mi G M., 



N 



i^^k; 



{mih){mji) = Y, O./i = {\ ,, . , . ; (20) 

~^ [mi{mkfi)=cl,^mjfi i = k, 

where, for any given pair {I, k), there is exactly one value of the index j such that 

^ik ~ ^it ~ ^ or —1, and it is zero for all other values of j . 

(c) Let mi,mk G Ai and let /i G J-". Then, 

[rrik, mi] = [m^\ m'^] = 4,^^^ mod /i (21) 

for some index j. 

(d) The coefficients cf ,,• and c'^^^ satisfy the relation cf^ = OjC^fc. 

(e) Let ipk = J2i=i ''TT'ifkK b^ o, spinor in the k-th spinor ideal Sk = Cip^gfk with 
components A, G IK = fiCCpqfi. Then, the matrix [^k\ in the spinor represen- 
tation has each l-th column zero when I ^ k and in its k-th column, for each 
index i, in the j-th row it has exactly one (potentially) non-zero entry c'^f.Xi^k where 
K,k = m^^Ximk = rnkXim^^ . 

Proof, (a) Suppose that TT^rriiGp^q^f)) = n{m[Gp^q{f)) for some mt, m[ in Gp^q. Then, rriif = 
m'if or, / = {m^r^m'^f. Let g = m^^m'-. Thus, f = gf and 

Te~{mif) = fmr^ = f{m[y^, or, f{mr^m[) = fg = f 

because T^~{f) = f for any primitive idempotent by part (iii) of Lemma [H and Tf{mi) = 
m~^ for every mj G Gp^q by part (i) of the same lemma. Thus, / = gfg~^ and g G Gp^q{f). 
Therefore, tt is well-defined. 

(b) Observe that {rnifk){m.ifi) = mifk{mifim~^)mi = mifkfirrii. The latter is zero when 
i ^ k since fkfi = 0. When i = k, we get 

{mifk){mifi) = mifkftmi = mif^mk = mimk{m~^ f^m^) 

= mi{mkfi) = 4,k^ifi- (22) 

(c) Since M. C Gp.g, the monomials m^ and mi either commute or anticommute. Thus, 
from fl22l) we get mi{mkfi) = c'ljjnjfi and mk{mifi) = c^i^^jf^ ^'^^ some rrij G Ai. 
Therefore, 

4,i4,kfi = [TT^k\^r^]fi = [mk,mi]fi 
where [mk,mi] G G'pg. 

(d) Since mtmkfi = ci,k'^jh and mtmjfi = cljmkfi, we get 

rrikfi = 4,k^7^^jfi = 4,k(^i^i^jh = Cij^i^jfi 
so c^j = aici,k- 
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(e) To find entries in the l-th column of [ipk] in the basis Si, we need to compute the 
following product for each index i: 



{rnifk\i){mif\) = rriiXifkmifi = miXi{fkmifimi )mi = miXi{fkfi)mi 



(23) 



where fkfi = unless / = k since fk and /; are mutually annihilating otherwise. Thus, we 
continue under the assumption that I = k : 



{mifkXi){mifi) = rjiiXifknikfi = miXi{mkhm^^)mkfi = miXiUikfi 

= mimk{m^^ Xinik) fi = miinkfiXi^k = {mjfi){4^Xi^k) 



(24) 



where Aj^^ = f^k ^^i^^k- We have repeatedly used the fact that elements of the division ring 
K commute with f\ and that Gp ^ acts via conjugation on K. Thus, this last equality tells 
us that, for each index i, the entry c^i^Xi^k is located in the j-th row of the k-th column in 

m. ' ' D 

In order to clarify part (e) of the last lemma, we recall that the left multiplication maps 
Kmi on Si are bijections, that is, the triples {i,j, k) are uniquely determined in the following 
sense: For each pair of any two indices, the third index is uniquely determined whenever 
the coefficients c^^ and c^ ^ are both non-zero. 

We illustrate the above lemma with the following examples. 

Example 1. Consider ^£2,2 = Mat(4,M) with / = |(1 + ei3)(l +624). The monomial list 
A^ = [1, ei, 62, 612] contains our chosen coset representatives in G2,2/G2,2{,f) and the set F 
contains these four idempotents: 



/i = l/l\ /2 = ei/ei\ /3 = 62/62 \ /4 = ei2/ei2^ 



(25) 



Then, the list Si = [fi, ei/i, 62/1, 612/1] is the ordered basis in S'l = Ci2,2fi and similarly for 
the other three spinor ideals. There are, as expected, exactly sixteen non-zero coefficients 
elf, which satisfy relation f l22|) . To save space, we display them in the following matrix: 



C 



'-1,1 


'-2,2 


4,3 


c\; 




'1 


1 


1 


-1 


'-2,1 


'-1,2 


ch 


cl. 




1 


1 


1 


-1 


4,1 


„3 

'-4,2 


<s 


Ci,4 




1 


-1 


1 


1 


cl 


'-3,2 


cis 


cU 




1 


-1 


1 


1 



(26) 



where Cj^k = c^i k ^^^^ some index /. From this matrix it is easy to read off matrices that 
represent each of the sixteen basis elements in the four minimal ideals: Matrix [mifk] of the 
basis element mifk G Sk in the spinor representation of Ci2,2 in "S'l has only one non-zero 
entry in its j-th row and k-th column that equals Cj^k- 

Let ipk = J2i=i^^ifk^i £ Sk where Aj = ipik G IK = fkCi2,2fk — K; the monomials 
rrii & Ai and the idempotents are shown in (!25|l . Then, since the group (72,2 acts trivially 
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on K, we have Aj_, 



m, 



'^Xirrik 



Xi,yi, k, and we find: 



m = m + [H + iH + [^4 



^11 


^21 


V'Sl 


-V'41 


^"21 


V"!! 


^"41 


-V'31 


V'31 


-V'41 


V"!! 


^21 


^"41 


-V'31 


^"21 


V'll 



(27) 



The display (1271) clearly shows, that (i) the sign distribution matches that of the matrix C 
in fl26|) : (ii) entries in columns two, three, and four are essentially, up to the sign, permu- 
tations of the entries in the first column; (iii) the (j, k) entry of [^] is exactly c] j^Xi^k as 
predicted by part (e) of Lemma [2l 

Example 2. Consider Cisfi = Mat (2, C) with / = i(l+ei). The monomial list A^ = [1, ea] 
shows our chosen coset representatives in 6*3,0/^3,0 (/) and the set J-" contains these two 
idempotents: 



/i = 1/1 



-1 



^'^ 



ei), /2 = 62/62 



^(^ 



61; 



(2^ 



Then, the list Si = [/i, 62/1] is the ordered basis in 5*1 = 6*^3,0/1 and the set ^2 = {/2, 62/2} 
is a basis in 5*2 = (^£3,0/2 • There are, as expected, exactly four non-zero coefficients cl^ = 
1 which satisfy relation ( 122|) . Matrices of the four basis elements from 



'1,2 



-2,1 



-2,2 



Si and ^2 in the representation of Ci^o in 5*1, are as follows: 



[/i 



[62/1 



H,i 


0" 




'1 0" 


_ 







0_ 


' 


0" 




'0 0" 


pli 







.1 o_ 



[62/2 



[/2 



"0 


^2 2 




'0 1" 













'0 


" 




'0 0" 





2 
'-1,2. 




1. 



(29) 



Let ipk = J2'i=i^ifkXi e Sk where Aj = ipn + ^^2623 e K = /i (74,0/1 = C; monomials 

. Then, since this time the group 6^3,0 acts 



V'il + V^i2623 I > i'il - V'i2623, 



i'U + ^12623 
^"21 + ^22623 



V^21 
^11 



^^22623 
^"12623 



(30) 



rrii G A4 and the idempotents are shown in 
non trivially on IK via conjugation, we have 

l/jil + ^i2623 ^ i'il + V^i2623, 

and we find: 

m = m + iH 

again in agreement with part (e) of Lemma [2j 

Combining now the conjugate action of Gp,q on J^ with the permutations modulo G'^^ 
on our chosen spinor basis S = Si, we get the following proposition. 

Proposition 2. The group Gp^q permutes the basis elements in S modulo the commutator 
group Gpq = {1,-1}. That is, it acts on S via the left translation Hmj modulo {1,-1} 
where nij & Ai is the coset representative of mjGp^q{f) in the quotient group Gp^q/Gp^q{f). 
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The above proposition is of course true if we replace the idempotent / with any conjugate 
to it idempotent fk- Now we are ready to prove the following results. 

Proposition 3. Let ip , (p e S = Cip^J. Then, T~{ip)(t) e K. In particular, Ti{ip)^ e K/ C 
K. 

Proof. Let ip = J2i ^^^if^i and (f) = J2j ^^jff^j^ ^i^ f^j ^ ^) be two spinors in S. Recall that 
Tf{\i) = \i from IQ while Tf^nii) = m~^ and Ts~{f) = f from Lemma [H Then we have: 

Ts~(V')0 = Til^mJXij {^mjf^jj = (^ XifTi{mi)j {^mjffx^ 

i j i 

= ^ XifTi{mi)mi M + X] X] \fTe~{mi)m.jf^i^ 






1 ' :j 



i i j 

5^V,/gK/ = /K = K (31) 



because fifj = fjfi = whenever i y^ j, that is, /« and fj are two mutually annihilating 
idempotents. D 

Corollary 1. Let ^ e S = dp J. Then, T,~{^/j)^ eR^Rf CK. 

Definition 1. Let G;^^ = {g E dp,, \ Ti{g)g = 1}. 

Corollary 2. 

(i) The K-valued inner product Sj x S'j — )■ K defined as 

iij, 0) ^ Ti{^)4> = A/, = /, A, A G K (32) 

is invariant under the group Gp ^o 
(ii) GpM) < Gp,, < G;,,. 

The above comments are very helpful in proving that indeed Tf is a conjugation on S 
and, therefore, the matrix of Te~{u) is the Hermitian conjugate of the matrix of u in the 
spinor representation of G£p,q in S = Ctp,qf for any u G C(ip,q. 

Proposition 4. Let Cip,q be a simple Clifford algebra, p — q ^ 1 mod 4 and p + q < 9. 

Let ipk e Sk = Ctp,qfk and let [^k\ (resp. [Ti'{tpk)]) be the matrix of tpk (resp. T~{il)k)) 



In [2j we provide a complete classification of all groups Gi, „. 
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in the spinor representation with respect to the ordered basis Si = [rriifi, . . . ,mNfi] with 
ai = rnf. Then, 

[[^kV ^/p-g = 0,1,2 modS; 

[Te~{i^k)] = < VPk]' ifp~q = 3,7 mod 8; (33) 

[[^k]^ z/p-g = 4,5,6 modS; 
where T denotes transposition, f denotes Hermitian complex conjugation, and | denotes 
Hermitian quaternionic conjugation. 

Proof. Let ipk = J2i=i^ifk^i be a spinor in Sk = C£p^gfk where Ai e IK = fiCip^gfi. In 
part (e) of Lemma [2] we have shown that the fc-th column of [ipk] is the only potentially 
non-zero column with the {j,k) entry equal to c'^^Xi^k where Aj^fc = nikXim'^^. Thus, it is 

enough to show that the {k,j) entry of [Tf^ipk)] is clk^i,k where by Xi^k we mean either the 
identity involution, complex conjugation, or quaternionic conjugation depending on the 
value of (p — q) mod 8. 

In order to find entries in the /-th column of [Tfltpk)] in the basis Si, we proceed like 
in ([23]): 

Te~{mifkXi){mifi) = Ts~{Xi)fkTs~{mi){mifi) 

= Xifkin-^niifi = Xiaiifkiriimifi) (34) 

It should be clear, using the same argument as in the proof of part (e) of Lemma [2|, 
that the product fk'i^i'mifi = unless rriimi oc nik- Since {i,j,k) is a triple such that 
TTT-ifnjfi = Cijfnkfi, this means that in order for the product fkfnitTiifi not to be zero, we 
must have I = j- This is because the translation k^, is a bijection on Si. Therefore, we 
continue under the assumption that I = ]'■ 

Ti{mifkXi){mifi) = XiaifkimiirLjfi) = XiaifkC^jTUkfi 

= Xiai{mkfirrq^){mkcljfi) 

= Xiairukficlj = mk{m^^Ximk)aifi{ai4^jJ 

= {mkfi){m^^Ximk)c{,^ = {mkfi){c{j^Xi^k) (35) 

where we have used the identity c^^- = ajC^^ from Lemma [2] part (d); the fact that a^ = 1; 
and the following: 

ml^XiTUk = m^^Ti{Xi)mk = Ti{mk)T~{Xi)Ti{m'^^) 

= Te~{nq^Ximk) = Ts~{Xi^k) = Xi^k- (36) 

Thus, ( J35l) shows that the {k,j) entry of [Ts~{ipk)] is c^j^Xi^k- D 

We illustrate this proposition with the following examples. 

Example 3. Consider Ci2,2 = Mat(4,R) with / = i(l+ei3)(l+e24). Then, K = f 0^2,2! = 
M/ = M and Ai = {1, ei, 62, 612}. Thus, any spinor in S* = Ci2,2f has the form 

^ = /V^i + eifip2 + 62/^3 + eiaM (37) 
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and [Tg (^)] in the spinor representation are related 



where il)i G K. Then, the matrices 
via the matrix transposition: 

>i 

V^2 

V^3 

^-4 

as can be shown by direct computation. Notice that we can obtain the set J-" by acting on 
/ via conjugation with monomials from Ai: 



m 



[Te~m 



^1 '4'2 ^3 ^^4 









(3J 



/l 

h 



1/1-1 _ 

e2/e^i 



i(l + ei3)(l + e24), /2 = ei/eri = i(l- 

1 1 

-(l + ei3)(l -624), /4 = 612/65-2^ = -(1 



ei3)(l + e24), 



ei3)(l -624). 
M)-bimodules: 



Thus, we have the decomposition of C£2,2 into a direct sum of (C£2,2; 

C£2,2 = C£2,2/l © ^£2,2/2 © ^£2,2/3 © ^£2,2/4 

If instead of / = /i in fl37|l we take /2, /s, or /4 with the same set M., we get, correspond- 
ingly, the second, the third, and fourth column in the matrix [tp]. For example, for ip in 

5*2 = €£2,2 f 2 we get: 



i'2 





0" 


tpi 








-^4 








-^3 









[Te~m 















^2 


^1 


-^4 


-^3 



























(39) 



again related via the transposition. Finally, we consider the inner product on 

Let (f) be another spinor in S* = 0.2,2 f expressed in a similar manner as in fl37|l . Then, 

T,~(V')0 = (^101 + ^202 + ^303 + ^404)/ G K/. 

We remark here, that the above inner product is neither Lounesto's /3+ nor /3_ inner 
products on S", hence it is different from 'spinor metrics' commonly used, see [8j: 

(5+{^, 0) = Si^0 = (-7/^104 + ^302 + ^401 - V^203)/ ^ M/ (40) 

/3_(^, 0) = 52^0 = (-^104 - ^302 + V'401 + ^-203)/ ^ M/ (41) 



where si = S2 = ei2 is a pure spinor. Here, the tilde in -0 denotes reversion whereas the 
bar in -0 denotes Clifford conjugation. In signature (2,2), the two forms fi^ and /3_ are 
invariant under 5*^(4, M). See ^ Table 1 and 2, p. 236], while the bilinear form Tf{tp)(j) is 
invariant under 0(4, R). 

Example 4. Consider C4,o = Mat(2,C) with / = 1(1 + ei). Then, K = fChfif = 
spanjjjj/, 623/} = C and A^ = {1, 62}. Thus, any spinor in S" = CC^^f has the form 

V' = /V^i + 62/^2 = /(^ii + ^^12623) + e2f{ip2i + ^^22623) (42) 
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where V'j = i^n + V'j2e23 G IK and ipii,ipi2 G M. Then, the matrices [ip] and [T^ (■?/')] in the 
spinor representation are related via Hermitian complex conjugation: 



i'U + ^12623 
V^21 + ^22623 



[Ts~m 



Ipn - ^"12623 ^21 - ^22623 





(43) 



as the direct computation shows. Like in the real case, the set J-' can be found by acting 
on / via conjugation with monomials from Ai: 



^(1 + ei), 



-1 



i(l-eO. 



/i = l/l"' = ^(l + ei), /2 = e2/ej 
Thus, we have the decomposition of Cisfl into a direct sum of {Cisfl, C)-bimodules: 

If instead of / = /i in (H2!) we take /2 with the same set A^, we get the second column in 
the matrix [ip]. For example, for ip in S2 = (^£3,0/2 we get: 



V^2i - ^^22623 

Ipu - V^12e23 



[Te~m 





1p21 + ^"22623 i'U - ^^12623 



(44) 



which again are related via Hermitian complex conjugation. Finally, we consider the inner 
product on 

Let (p be another spinor in S* = Ci^of expressed in a similar manner as in fH2]) . Then, 



Ti'{i^)4> = (^11011 + ^"22022 + V^21021 + ^12012) + 

(-V'22021 - V'12011 + V'21022 + V'll012)e23 G ^ 

Comparison with Lounesto's /3_|_ and /3_ inner products on 5* shows that our product 
coincides with /3+, so it is invariant under f/(2)o Therefore, it is different from /3_ which 
invariant under 5*^(2, C) : 

/3_(?/^, 0) = 52^0 = (V'22012 - V'21011 " V'l2022 + V^1102l) + 

(-V'22011 - V'21012 + ^12021 + V^11022)e23 ^ ^ (45) 

where S2 = 62 are pure spinor s. 

Example 5. Consider ^4,4 = Mat(4,H) with / = i(l + ei5)(l + 626). Then, K = 
fCi2,4f = span]g{l, 63, 64, 634} = 11, M = {1, ei, e2, 612}, and 



Let 



S = Ci2Af = spauKJ/, ei/, 62/, 612/}. 



'ip = fA + ei/V'2 + e2/V^3 + ei2/V^4 e S 



(46) 



(47) 



""^^We remark here that the product T^~{'ip)(l) always coincides with /3+ in EucUdean signatures (p, 0) and 
with /3_ in anti-Euchdean signatures (0,g). 
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where ipi,'ip2,'^3,'^4: G IK. Then, the matrices [ip] and [T^ (^)] in the spinor representation 
are related via Hermitian quaternionic conjugation: 



^1 








o" 


^2 











^3 











^4 












[Te~m 



where ipi is the quaternionic conjugate. We compute the set J-": 



Pi 




^2 




^3 




V'4 





























(48) 



/l = 1/1-1 = -(l-ei5)(l+ 626) 



4 



h = e,fe^' = -{l + e,,){l 



626 J 



/2 = ei/eri = -(l-ei5)(l 
U = eufe^^ = -(1 



e26j 



ei5)(l -626)- 



Thus, we have the decomposition of C£2,4 into a direct sum of (C£2,4, IH[)-bimodules: 

Ci2,4 = Ci2,4fl © C£2,4f2 © ^7^2,4/3 © ^^£2,4/4 

It can be again easily shown that if we take in fH6l) and P7|) idempotent /2, /s, or /4 instead 
of /, then the matrix [ijj] will have the second, the third or the fourth column nonzero, 
whereas the matrix [T£~('i^)] will be the Hermitian quaternionic conjugate of [ip]- We won't 
display here the inner product Te~{ip)4> except we remark that it is again different from /3+ 
and f3_. 

Using now Proposition H] as well as the fact that the (simple) Clifford algebra Cip^q is 
decomposable into a direct sum of A^ = 2'^~^''~p spinor (C£p g, ]K)-bimodules 



^^p,q — L/-tp,g/l © ■ ■ ■ © C-ip^qjN, 



(49) 



we obtain the next result o 



Proposition 5. Let Cip^g be a simple Clifford algebra, p — q^l mod 4 and p + q < 9. Let 

u G Cip^d. Suppose that [u] (resp. [Tfi^u)]) is a matrix of u (resp. T^~{u)) in the spinor 
representation with respect to the ordered basis Si = [rriifi, . . . ym^fN-]. Then, 



[Ts~{u)] 




^/P ~ Q' = 0, 1, 2 mod 8; 



q = 3,7 mod 8; 
g = 4, 5, 6 mod 8; 



(50) 



where T denotes transposition, f denotes Hermitian complex conjugation, and | denotes 
Hermitian quaternionic conjugation. 

Proof. Due to the direct sum decomposition fH9|l . every element u G Cip^g can be written 
as a sum of unique spinors ipk where ipk £ Cip^gfk- Since spinor representation is M-linear, 
we have that 



u 



[^1 



+ [^ 



N 



(51) 
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Decomposition P^)) is also valid in semi-simple Clifford algebras when p — q = 1 mod 4. 



u 



(54) 
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where ipk = ufk- Furthermore, due to R-hnearity of the involution Tf, we have 

[Tiiu)] = [Tr(^i)] + ■ ■ ■ + [TH^Pn)]. (52) 

The result now follows from Proposition HI □ 

We need to point out that unlike in part (e) of Lemma [2] where we set spinors ipk to 
have the same components Aj for the purpose of studying their matrix representation, the 
actual components of spinors ufk, k j^ 1, are different from those of ufi. This is because 
two conjugations are needed in 

ufk = mk{ukfi)m^^, Uk = m^^urrik, (53) 

for any rrik G Ai since fk = rnkfim^^. This will become evident in our last example. 

Example 6. Consider again Cfs^o as in Examples 2 and 4. Let u be an arbitrary element 
in Cisfl expanded over the monomial basis 

U = Uil + U2ei + ^362 + ^463 + ^5612 + %ei3 + ^7623 + M8ei23. 

Then, matrix [u] in spinor representation in Si = Cl^ofi is 

(Mi +^2)1 + {Us + M7)e23 (^5 + U^)! - (u^ + M6)e23 
(-M5 +^3)1 + (m4 - M6)e23 (mi - ^2)1 + (ms " ^7)623 

whereas matrix [Ts~{u)], related to it via Hermitian complex conjugation as predicted by 
Proposition [5l is 

(mi + ^2)1 - (ms + M7)e23 (-M5 + %)! - (m4 - %)e23 

(m5 +^3)1 + (m4 + UQ)e23 {Ui -U2)l - {ug - ^7)623 

Sign reversals in the second column of (!54ll . i.e., in the components of the second spinor, 
given that all four non-zero coefficients c^^ are 1 as shown in (l30l) . are caused by the 
conjugation 

U H-). e2'Ue2"^ = Mil - ^261 + ^3^2 - ^463 - U5G12 + M6ei3 - M7e23 + Usei23 

which reverses signs of four components in u. Observe that commutators of the correspond- 
ing basis elements with 62 are all —1. 

3. Action on spinor spaces in semisimple Clifford algebras 

Here we summarize only differences in the above results between simple and semisimple 
algebras. We rely on Theorem [1] which provides sufficient information about the algebra 
structure and begin by generalizing Proposition [H 

As before, let J-" be a complete set of 2N mutually annihilating idempotents of the 
form (pP) adding to the unity in a semisimple Clifford algebra Cip^g, p — q = 1 mod 4. This 
time, N = 2''~^ where, as before, k = q — rg_p. Since the algebra is non-central, the set J-" 
partitions into two subsets of A^ idempotents: 

^ = J-iUJ-2 = {/i,/2,...,/,v}U{A,/2,...,/^} (56) 



[Tiiu)] 



(55) 
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such that the idempotents in T\ (resp.^J-2) add up to say a central idempotent J_|_ = 
\{\ + ei...„) (resp., J_ = ^(1 — ei...„))0 Let f = fi for short and let Gp^q{f) be the 
stabilizer of / in Gp^g under the conjugate action. Since the orbit 0{f) contains now 
A^ = 2'^~^ elements, we have 

N = [Gp,g : GpM)] = \0{f)\ = \GpM\G,M)\ = 2 ■ 2^+V|Gp,,(/)| = 2'=-^ 
which implies that Gp^q{f) = '^v^'^^-v jn the semisimple case. Furthermore, it is easy to 
notice that / = mfm~^ for every m G Gp^q{f). 

Proposition 6. Let C£p^q be a semisimple Clifford algebra, p — q = l mod 4 andp + q < 9. 
Let f be any primitive idempotent in the set T and let Gp^q{f) be its stabilizer in Gp^q under 
the conjugate action. Then, Gp^q{f) = Gp^q{f), and 

(i) Gp^q{f) < Gp^q, that is, Gp^q{f) is a normal subgroup of Gp^q and \Gp^q{f)\ = 

(ii) Gp^q{f) is a 2-primary Abelian group when p — q = 0,1,2 mod 8 (real semisimple 
case) whereas Gp^q{f) is a non Abelian 2-group when p — q = 4,5,6 mod 8 (quater- 
nionic semisimple case). 
(iii) Let k = q — rq_p. Then, Gp^q{f) is generated multiplicatively by s non-unique ele- 
ments 

Gp,q{f) = {9u92,---,9s) (57) 

where s = k -\- 1 when p — q = 0, 1, 2 mod 8 whereas s = k -\- 2 when p — q = 
4, 5, 6 mod 8. 

(iv) The orders of the generators gi,g2, ■ ■ ■ ,gs are 2 or 4, and the structure of the sta- 
bilizer group Gp^q{f) is shown in Tables 4 and 5 in Appendix \M 

(v) Let rrij be an element in Gp^q{f) and let f have the form ^.Then, the stability of 
the idempotent mjfmj^ = f implies 

rrijei^mj^ = e^^, mjei,mf^ = e^^, • • • , rrijei^mj^ = e^^. 

That is, the set of commuting monomials T = {ej^, . . . , ej^} in f is point-wise 
stabilized by Gp^q{f). 

We should also observe that due to the decomposition 

into simple ideals with J^i C Ctp^qJ^ and F2 C Gip^qJ-, the two orbits 0{f) and 0{f) 
under the conjugate action of Gp^g remain disjoint. 

Example 7. Consider C^^i = Mat(2,M) © Mat(2,M) with a primitive idempotent 

/ = i(l + ei)(l + e23). 



Recall, that u denotes the grade mvolution of u e C£pq. Then, J+ = J_, J^^-.J^ = J^J+ = 0, and 

4 = J±- 
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since k = 2. Then, according to Table 4, we have 

G2M) = (-1. ei, 623) = {±1, ±ei, ±e23, ±6123} < ^2,1 (59) 

and we can choose for a transversal set Ai = {1, 62}. Thus, 

S = Ci2,if = spanjgjl/, 62/}, S = C^a.i/ = spanjjil/, 62/}. 
Let /i = /• Then, we have two orbits: 

Wl) = {/l,/2}, 0(/l) = {/l,/2}, (60) 

where /2 = 62/16^^ = i(l — ei)(l — 623). Thus, the vee group ^2,1 partitions into two sets 

G2,i = G2,iif) U e2G'2,i(/) = {±1, ±ei, ±623, ±6123} U {±62, ±63, ±ei2, ±613}. 
Consider now two spinors 

i' = i'lfi + ^262/1 e S and = 0i/i + 0262/1 e S 

with '04, 0j G M. Then, in the spinor representation realized in the double ideal S' © S", we 
get 



[rr(^),rr(^)] 



i^J] 



[i^uH [0,0] 

[^2,-^2] [0,0] 



[ipU-ipl] [V^2,-V^2] 

. [0,0] [0,0] 

which shows that again the anti involution T^~ acts as a transposition. Notice also the 
inner product on S that is again invariant under the group G^ i- 



Ti{^lj)<p = (0>i0i + V'202)/i G K = /iC£2,i/i = M. 

In the quaternionic semisimple case when p — g = 4, 5, 6 mod 8 we can again verify that 
the anti involution T^" acts as a Hermitian quaternionic conjugation, and that for any 
spinor ip E S = Cip^gf, the Clifford product Tf{i/j)i/j belongs to fCip^gf = M. 

4. Conclusions 

In [1] we gave some general arguments why studying the transposition anti-isomorphism 
is useful and in which way this work can and should be generalized. We do not repeat 
these arguments here and refer to that paper. 

Spinor metrics play an important role in physics since they provide covariant bilinears, 
which encode physical quantities, see for example chapters 11 and 12 in |8]. Usually spinor 
norms employ Clifford reversion and Clifford conjugation, e.g., the Dirac dagger sending 
■0 H- ■0''' = -0*70. These two conjugations lead to the /3+ and /3_ norms if additionally a 
pure spinor is chosen. 

The present paper generalized this setting to bilinear forms T^~[ip)ip for any signature. 
We showed that for Euclidean and anti-Euclidean signatures these forms reduce to /3+ 
and /3_. In general we get, however, new norms. 

We can hence generalize the so-called Salingaros vee groups employing the map TfT to 
construct the discrete group Gp,q. The main work done in this paper was to show in detail, 
how the stabilizer groups Gp,q(/) of a primitive idempotent generate, via a transversal for 
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the cosets in Gp^q/Gp^g{f), a spinor basis, and how the spinor modules for different idem- 
potents are related. The results are summarized in Tables 1 to 5 included in Appendix A. 

Another important result obtained is, that the transposition map Tf of the real Clifford 
algebra induces an (anti) involution of the (double skew) field K underlying the spinor 
modules, which is not the real field in general, and hence can be nontrivial. This is a 
subtle point relating the complex and quaternionic conjugations to the transposition, and 
by no means in a straight forward way. 

We believe our results, stated only in dimensions n < 9, are generally true in any dimen- 
sion. In order to extend them to all dimensions, one would employ the modS periodicity 
of Clifford algebras. However, we would like to do that including the full constructive 
machinery presented here, and that was beyond the aim of the current work. 

Having constructed new spinor metrics, a natural question is to identify their invariance 
groups, as Lounesto did for /3_|_ and f3_. This will be presented in part 3 of this work [2j. 
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Appendix A. Data Tables 



Table 1: Stabilizer group Gp^q{f) of a primitive idempotent / in 
simple Clifford algebra Clp^g ^ Mat(2'',M), k = q- rg_p 
p-qy^ lmod4, p-g = 0, l,2mod8, !Gp,g(/)| = 2'^+p+''''-p 



^^p,q 


f 


GpM) = (^2)"+' 


\9\ 


Ch,i 


^(l + ei2) 


(-l,ei2)^(Z2)2 


(22) 


Ch,o 


^(1 + ei) 


(-l,ei)-(Z2)2 


(2^) 


C£2,2 


i(l + ei3)(l + e24) 


(-1,613,624) = (^2)3 


(23) 


Ch,i 


i(l + ei)(l + e34) 


(-l,ei,e34) = (Z2)3 


(23) 


C4,6 


1(1 + ei23)(l + ei46)(l + 6345) 


(-l,ei23,ei46,6345) = (Z2)^ 


(2^) 


C^3,3 


|(l + ei4)(l + e25)(l + e36) 


(-1,614,625,636) = (^2)4 


(2^) 


CIa,2 


i(l + ei)(l + e35)(l + e46) 


(-l,ei,e35,646) = (Z2)4 


(24) 


ceo,s 


j^(l + ei23)(l + ei46) X 

(l+e345)(l + e367) 


(-l,ei23, 6146, 6345, 6367) = (^2)^ 


(25) 


Chj 


j^(l + ei8)(l + e234) X 

(l+e257)(l + e456) 


(-l,ei8, 6234, 6257, 6456) = (^2)^ 


(25) 


C4,4 


j^(l + ei5)(l + e26)x 

(l + e37)(l + e48) 


(-1,615,626,637,648) = (^2)5 


(25) 


C4,3 


j^(l + ei)(l + e36)x 
(l + e47)(l + e58) 


(-l,ei,e36,647,658) = (Z2)' 


(25) 


Cis,o 


j^(l + ei)(l + e2345) X 

(l+e2468)(l+e4567) 


(-1,61,62345,62468,64567) - (^2)^ 


(25) 



Note: The last column lists the orders {\gi\, ■ ■ ■ , \gs\) of the generators in {gi, . . . ,gs) 

shown in the third column. Here, (2^^) denotes a sequence (2, . . . , 2) and {^2)''^^ 

^ V ' 

denotes the direct product Z2 x • • • x Z2. 

^^ V ' 
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Table 2: Stabilizer group Gp^q{f) of a primitive idempotent / 
simple Clifford algebra Cip^g ^ Mat(2'', C),k = q- r^^p 
p-g/lmod4, p-^ = 3,7mod8, |Gp,g(/)| = 2^+^+"'"-^' 



in 



Pi? 


/ 


GpM) 


\9\ 


Ch,2 


i(l + ei3) 


(62,613)^^2X^4 


(4,2) 


C4,o 


l(l + ei) 


(61,623) =Z2XZ4 


(2,4) 


C4,5 


i(l+ei23)(l + e345) 


(63,612,645) = (^4)=^ 


(43) 


C^2,3 


i(l + ei4)(l + e25) 


(63,614,625) = (^2)2x^4 


(4,22) 


CIa,i 


i(l + ei)(l + e45) 


(61,623,645) = (^2)^X^4 


(2,4,2) 


Chfi 


i(l + ei7)(l+e234)(l + e456) 


(64,617,623,656) =Z2X {Z^f 


(4,2,42) 


ChA 


|(l + ei5)(l + e26)(l + e37) 


(64,615,626,637) = (^2)^X^4 


(4,23) 


C4,2 


i(l + ei)(l + e46)(l + e57) 


(61,623,646,657) = (^2)^X^4 


(2,4,22) 


C^7,0 


i(l + ei)(l + e2345)(l + 64567) 


(61,623,645,667) =Z2X {Z^f 


(2,43) 


Cio,9 


1^(1 +ei23)(l+ 6146) X 
(l + 6345)(l + 6367) 


(689,6123,6146,6157,6256) = (^2)^ X Z4 


(4,24) 


Ci2,7 


3^(1 +ei8)(l+ 629) X 

(l + e345)(l + 6567) 


(65,618,629,634,667) = (^2)^ X {Z^f 


(4,22,42) 


Ch,5 


3^(1 +ei6)(l+ 627) X 
(l + e38)(l + 649) 


(65,616,627,638,649) ^ (^2)^ X Z4 


(4,24) 


Ci6,3 


3^(1 + ei)(l + 647) X 
(l + e58)(l + e69) 


(61,623,647,658,669) = (^2)^ X Z4 


(2,4,23) 


C4,i 


3^(1 + ei)(l + egg) X 

(l+62345)(l+64567) 


(61,623,645,667,689) = {^2? X (^4)3 


(2,43,2) 
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Table 3: Stabilizer group Gpg(/) of a primitive idempotent / in 



simple Clifford algebra Cip^q ^ Mat(2^,EI), k = q 



' q-p 





p — q ^ I mod 4:, p — q = 


= 4, 5, 6 mod 8, |Gp,g(/)| = 21+^+^^-^ 




PA 


f 


GpAf) 


\9\ 


CioA 


^(l + ei23) 


Fs = (ei,e2,e3) 


(43) 


C£i,3 


l(l + ei4) 


(e2,e3,ei4) ^ Fs x Z2 


(42,2) 


Ch,o 


^(1 + ei) 


(61,623,624) =F2 XZ2 


(2,42) 


Cil,5 


i(l + ei6)(l + e234) 


(62,63,e4,ei6) ^^3X^2 


(43,2) 


Ci2,4 


i(l + ei5)(l + e26) 


(e3,e4,6i5,e26)=F2X(Z2)2 


(42,22) 


Ch,i 


|(l + ei)(l + e56) 


(61,623,624,656) = ^2 X (1.2^ 


(2,42,2) 


C4,o 


i(l + ei)(l + e2345) 


(61,623,624,625) = F3 X Z2 


(2,43) 


Chfi 


i(l + ei7)(l + e28)(l + e345) 


(e3,e4,65,ei7,e28) = F3 x (^2)^ 


(43,22) 


Ci3,5 


i(l + ei6)(l + e27)(l + e38) 


(e4,e5, 616,627, 638) = -^2 X (^2)^ 


(42,23) 


C4,2 


i(l + ei)(l + e57)(l + e68) 


(61,623,634,657,668) =F2 X {Z2f 


(2,42,22) 


Ci7,l 


1(1 +ei)(l + e78)(l + 62345) 


(61,623,624,625,678) = F3 X {^2^ 


(2,43,2) 



Note: F3 = (61,62,63), [Fsl = 16, |ei| 
and 6263 = -6362. F2 = (62,63) <\ Gi, 



= I62I = !63| = 4, 6162 = -6261, 6163 = -6361, 

3(/), I-F2I = 8, 6263 = -6362, I62I = I63I = 4. 
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Table 4: Stabilizer group Gp^q{f) of a primitive idempotent / in 
semisimple Clifford algebra Clp^q ^ Mat(2''-\M) Mat(2''-\M) 

k = q- rg^p, p- q = l mod 4, p- q = 0,l,2 mod 8, |G'p,g(/)| = 2^+^+'"'?-?' 



^^p,g 


/ 


Gp,,(/) = (TL^t^^ 


bl 


Ci2,l 


i(l + ei)(l + e23) 


(-l,ei,e23) = (Z2)' 


(23) 


Ci3,2 


|(l + ei)(l + e24)(l + e35) 


(-l,ei,e24,635)^(Z2)^ 


(24) 


Cioj 


I^(l + ei23)(l + ei46) X 

(l + e345)(l+e367) 


(-1,6123,6146,6345,6367) - (^2)^ 


(25) 


CU,z 


j^(l + ei)(l + e25) X 
(l + e36)(l + e47) 


(-l,ei,e25,636,e47) = (Z2)^ 


(25) 


C4,4 


3^(l + ei)(l + e26)x 

(l + e37)(l + e48)(l + e59) 


(-l,ei,e26,637,648,659) = (Z2)6 


(26) 


C^9,0 


3^(l + ei)(l + e2345) X 
(l+e2367)(l+e2389) X 

(1 + 62468) 


(-1,61,62345,62367,62389,62468) = (^2)*^ 


(26) 


C^l,8 


g^(l + ei)(l + e2345) X 

(l+e2367)(l+ 62389) X 
(1 + 62468) 


(-1, 61, e2345, 62367, 62389, 62468) - (^2)*" 


(26) 
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Table 5: Stabilizer group Gp^q{f) of a primitive idempotent / in 
semisimple Clifford algebra C£p^g ^ Mat(2'=~i,IH) Mat(2'=-\EI) 

k = q - rq-p, p - q = 1 mod 4, p - q = 4,5,6 mod 8, \Gp^q{f)\ = 2'^^p^^i-p 



PA 


/ 


GpM) 


\9\ 


C£o,3 


^(l + ei23) 


F3 = (61,62,63) 


(43) 


C4,o 


i(l + ei)(l+ 62345) 


(61,623,624,625) =F3 X Z2 


(2,43) 


C4,4 


i(l + ei5)(l + e234) 


(62,63,64,615) ^Fa XZ2 


(43,2) 


Ci2,5 


1(1 + ei6)(l + e27)(l + 6345) 


(63,64,65,616,627) =F3X (Z2)2 


(43,22) 


C4,i 


1(1 + 6i)(l+667)(l + 62345) 


(61,623,624,625,667) = i^3 X (^2)^ 


(2,43,2) 


Ci7,2 


j^(l + 6i)(l + 628)(1 + 639)(1 + 6456?) 


(61,628,639,645,656,657) ^^3 X (Z2)^ 


(23,43) 


C4,6 


j^(l + 6i)(l + 624)(1 + e35)(l + 66789) 


(61,624,635,667,668,669) = F3X (Zs)^ 


(23,43) 



Note: F3 = (61,62,63) < Go,3(/), 1^31 = 16, l6i| 
and 6263 = -6362. 



62 



I63I = 4, 6162 = -6261, 6163 



-6361, 
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